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Abstract
In this paper, Problem 4.17 on Kirby’s problem list is solved by constructing inﬁnitely many homotopy types of
aspherical 4-manifolds that are homology 4-spheres.
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1. Introduction
Problem 4.17, attributed to Thurston, on Kirby’s 1977 problem list [9] asks:
Can a homology 4-sphere ever be aK(, 1)?Who knows an example of a rational homology 4-sphere
which is a K(, 1)?
Examples of aspherical rational homology 4-spheres were constructed by Luo [10] in 1988. None of Luo’s
examples are homology 4-spheres. In this paper we afﬁrmatively answer the main question of Problem
4.17 by constructing inﬁnitely many aspherical 4-manifolds that are homology 4-spheres.
Using JZrgensen–Thurston’s hyperbolic Dehn surgery theory [3,14], it is easy to construct inﬁnitely
many aspherical 3-manifolds that are homology 3-spheres, simply perform Dehn surgery on the com-
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plement X of a hyperbolic knot in S3 with surgery coefﬁcient of the form 1/k, with k an integer. The
3-manifold X(k) obtained by Dehn surgery is a homology 3-sphere, and for all but ﬁnitely many k, the
3-manifold X(k) supports a hyperbolic metric and therefore is aspherical. The volume of the hyperbolic
3-manifoldX(k) is less than the volume of the hyperbolic manifold X, and the volume ofX(k) converges
to the volume of X as k goes to inﬁnity. Hence there are inﬁnitely many homotopy types of 3-manifolds
of the form X(k) by Mostow’s rigidity theorem. Thus there are inﬁnitely many aspherical 3-manifolds
that are homology 3-spheres.
We construct our examples by performing Dehn surgery on the hyperbolic complement M of ﬁve
linked 2-tori in S4 recently constructed by Ivanšic´ [8]. The hyperbolic 4-manifold M is the orientable
double cover of the most symmetric hyperbolic 4-manifold N on our list [12] of hyperbolic 4-manifolds
of minimum volume. The Euler characteristic of N is one, and so the Euler characteristic of M is two.
The hyperbolic 4-manifold M has ﬁve cusps each of which is homeomorphic to T 3 × [0,∞) where T 3
is the 3-torus.
Here is an outline of our argument.We show that for inﬁnitely many Dehn surgeries on each cusp ofM
the closed 4-manifold Mˆ obtained by Dehn surgery is a homology 4-sphere. By the Gromov–Thurston 2
theorem, for all but ﬁnitely many surgeries on each cusp ofM, the 4-manifold Mˆ supports a Riemannian
metric of nonpositive curvature, and therefore is aspherical. There are inﬁnitely many 4-manifolds of this
form by recent work of Anderson [1].
A closed, connected, orientable 3-manifoldX is a homology 3-sphere if and only ifH1(X)=0whereas a
closed, connected, orientable 4-manifold X is a homology 4-sphere if and only ifH1(X)=0 and (X)=2.
The Euler characteristic two condition makes it much harder to construct a homology 4-sphere than a
homology 3-sphere. Dehn ﬁlling does not change Euler characteristic; hence, to construct, a homology
4-sphere by Dehn ﬁlling a hyperbolic 4-manifoldM, we must have (M)= 2. Finite volume hyperbolic
4-manifolds, with Euler characteristic two, have been constructed only in the last few years by Ivanšic´
[6] and Ratcliffe and Tschantz [12]. The theory of Dehn ﬁlling hyperbolic 4-manifolds has only been
developed during the last few years by Ivanšic´ [7],Anderson [1], and others. This explains why it has taken
so long for aspherical homology 4-spheres to be constructed by Dehn ﬁlling hyperbolic 4-manifolds.
Our paper is organized as follows. In Section 2, we construct our examples byDehn surgery on Ivanšic´’s
hyperbolic complement of ﬁve linked 2-tori in the 4-sphere. In Section 3, we reprove the main results
of Section 2 by a direct homology calculation which is independent of Ivanšic´’s paper [8]. In Section 4,
we determine precisely which Dehn surgeries on Ivanšic´’s link complement yield aspherical homology
4-spheres by the argument in Section 3. In Section 5, we describe some nice properties of our examples.
In particular, we discuss how recent work ofAnderson [1] implies that many of our examples are Einstein
4-manifolds.
2. Dehn surgery on Ivanšic´’s linked 2-tori
We begin by describing how we perform Dehn surgery on the hyperbolic complementM of ﬁve linked
2-tori in S4 recently constructed by Ivanšic´ [8]. LetM be the compact 4-manifold with boundary obtained
by removing disjoint open horocusp neighborhoods of the ideal cusp points of M. Then M is a strong
deformation retract ofM. The boundary ofM is the disjoint union of ﬁve ﬂat 3-tori. According to Ivanšic´
[8], the manifoldM is homeomorphic to the complement of the interior of a closed tubular neighborhood
V of ﬁve disjoint 2-tori T 21 , . . . , T 25 in S4. The 4-manifold V is the disjoint union of closed tubular
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neighborhoods V1, . . . , V5 of T 21 , . . . , T 25 , respectively. Each 4-manifold Vi is afﬁnely homeomorphic to
D2 × T 2 withD2 the 2-disk and T 2 = S1 × S1 the 2-torus. An oriented circle m= S1 × {t} ⊂ D2 × T 2
is called a meridian of D2 × T 2. The boundary of V is the disjoint union of the boundary components
T 31 , . . . , T
3
5 ofM withT
3
i = Vi for each i.
Let mi be a meridian of Vi represented by an oriented circle for each i, and let i = [mi] be the class
of mi in H1(T 3i ) for each i. By Alexander duality, H1(M) ∼= Z5, and so H1(M) ∼= Z5. Let
i : H1(T 3i )→ H1(M)
be the homomorphism induced by inclusion for each i, and let i = i(i) for each i. By a Mayer–Vietoris
sequence argument, 1, . . . , 5 generate H1(M) ∼= Z5.
Let hi : T 3i → T 3i be an afﬁne homeomorphism for i = 1, . . . , 5. Then h1, . . . , h5 determine an
afﬁne homeomorphism h : V → V . The closed 4-manifold obtained by Dehn ﬁllingM according to
h1, . . . , h5 is the attaching space
Mˆ = V ∪h M.
Let m′i = h(mi) for each i. Then Mˆ is a closed, connected, orientable, smooth 4-manifold whose diffeo-
morphism type depends only on±[m′i] inH1(T 3i ) for each i. We also say that Mˆ is the closed 4-manifold
obtained by Dehn surgery on M determined by the circles m′1, . . . , m′5.
We now prove that for inﬁnitely many Dehn surgeries on each cusp of M, we obtain a homology
4-sphere. We use a general argument which will be simpliﬁed in Section 3 by explicit calculations of the
homomorphisms, i : H1(T 3i )→ H1(M), for i = 1, . . . , 5. LetW1 = 〈2, . . . , 5〉 and let
q1 : H1(M)→ H1(M)/W1
be thequotient homomorphism.Thenq11 : H1(T 31 )→ H1(M)/W1 is an epimorphism.AsH1(M)/W1 ∼=
Z, we have a split short exact sequence
0 → ker(q11)→ H1(T 31 )→ Im(q11)→ 0.
Hence there are generators 11, 12, 13 of H1(T 31 ) such that 11 = 1 and 12, 13 generate ker(q11).
Let b1 and c1 be arbitrary integers. Then 1+ b112 + c113 is a primitive element ofH1(T 31 ). Hence,
there is an afﬁne homeomorphism h1 : T 31 → T 31 such that
[h1(m1)] = 1 + b112 + c113.
Letm′1= h1(m1), ′1= [m′1], and ′1= 1(′1). Then ′1= 1+ 1 with 1 inW1. Hence ′1, 2, . . . , 5 also
generate H1(M).
Let W2 = 〈′1, 3, 4, 5〉 and let q2 : H1(M) → H1(M)/W2 be the quotient homomorphism. By the
above argument, there are generators 21, 22, 23 of H1(T 32 ) such that 21 = 2 and 22, 23 generate
ker(q22). Let b2 and c2 be arbitrary integers. Then there is an afﬁne homeomorphism h2 : T 32 → T 32
such that
[h2(m2)] = 2 + b222 + c223.
Let m′2 = h2(m2), ′2 = [m′2], and ′2 = 2(′2). Then ′2 = 2 + 2 with 2 in W2. Hence ′1, ′2, 3, 4, 5
also generate H1(M).
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Continuing in this way, we obtain afﬁne homeomorphisms hi : T 3i → T 3i such that if m′i = hi(mi),
′i = [m′i], and ′i = i(′i), then ′1, . . . , ′5 generate H1(M). Moreover, there are inﬁnitely many choices
for h1, and for each choice of h1, . . . , hi , there are inﬁnitely many choices for hi+1 for each i= 1, . . . , 4.
The closed 4-manifold Mˆ obtained by Dehn ﬁlling M according to h1, . . . , h5 has H1(Mˆ) = 0 by a
Mayer–Vietoris sequence argument, since ′1, . . . , ′5 generate H1(M). The 4-manifold Mˆ is orientable,
since Mand D2 × T 2 are orientable. By Poincaré duality, H3(Mˆ) = 0. By a Mayer–Vietoris sequence
argument, (Mˆ) = (M) = 2. Hence we have H2(Mˆ) = 0. Therefore Mˆ is a homology 4-sphere for
inﬁnitely many Dehn surgeries on each cusp of M.
As discussed by Anderson in Section 2.1 of his paper [1], the Gromov–Thurston 2 theorem [4,13]
implies that the hyperbolicmetric in the interior ofM extends to a Riemannianmetric on Mˆ of nonpositive
curvature when length(m′i) > 2 for each i, in which case, Mˆ is aspherical by Cartan’s theorem. There are
only ﬁnitely many homology classes of oriented circles of length at most 2 on the ﬂat 3-torus T 3i for each
i. Therefore Mˆ is an aspherical homology 4-sphere for inﬁnitely many Dehn surgeries on each cusp ofM.
By Proposition 3.8 of Anderson [1], at most ﬁnitely many of the 4-manifolds Mˆ , with length(m′i) > 2
for each i, are homotopically equivalent. Thus there are inﬁnitely many homotopy types of aspherical
homology 4-spheres of the form Mˆ .
3. Explicit homology calculations
The most symmetric manifold on our list [12] of 1171 minimum volume complete hyperbolic 4-
manifolds is the nonorientablemanifold, number 1011,which is denoted byN in Section 2.The hyperbolic
4-manifoldN has symmetry group of order 320. In particular,N has a symmetry of order ﬁve that cyclically
permutes its ﬁve cusps. Each cusp ofN is homeomorphic toG×[0,∞)whereG is the ﬁrst nonorientable
ﬂat 3-manifold in Theorem 3.5.9 of Wolf [15].
Let Q be the regular ideal 24-cell in the conformal ball model B4 of hyperbolic 4-space with vertices
±ei , for i = 1, . . . , 4 and (±1/2,±1/2,±1/2,±1/2). The 24-cell Q has 24 sides each of which is a
regular ideal octahedron. The hyperbolic 4-manifold N was constructed in [12] by gluing together pairs
of sides of the 24-cell Q according to the side-pairing code 14FF28.
The regular ideal 24-cellQ has 24 ideal vertices. The side-pairing ofQ induces an equivalence relation
on the ideal vertices of Q whose equivalence classes are called cycles. The pair of vertices ±ei form
a cycle for each i = 1, . . . , 4, and the 16 vertices (±1/2,±1/2,±1/2,±1/2) form a single cycle. The
cycles of ideal vertices ofQ correspond to the ideal cusp points of the hyperbolic 4-manifold N. We order
the cusps of N so that ±ei is the cycle corresponding to the ith ideal cusp point of N for i = 1, . . . , 4 and
(±1/2,±1/2,±1/2,±1/2) is the cycle corresponding to the ﬁfth ideal cusp point of N.
The order ﬁve symmetry of the hyperbolic 4-manifoldN is best described in the hyperboloid modelH 4
of hyperbolic 4-space in Lorentzian (4, 1)-space R4,1. The regular ideal 24-cell Q is centered at the point
e5 in H 4 and has ideal vertices ±ei + e5, for i = 1, . . . , 4 and (±1,±1,±1,±1, 2). The intersection of
Q with the positive orthant of R4,1 is a right-angled convex polytope P which has an order ﬁve symmetry
represented by the following Lorentzian 5× 5 matrix:
A=


−1 0 −1 0 1
0 0 −1 −1 1
0 1 0 0 0
−1 0 0 −1 1
−1 0 −1 −1 2

 .
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The Lorentz transformationA cyclically permutes the vertices (1, 0, 0, 0, 1), (0, 1, 0, 0, 1), (1, 1, 1, 1, 2),
(0, 0, 1, 0, 1), (0, 0, 0, 1, 1), and induces an order ﬁve symmetry of the hyperbolic manifold N that
cyclically permutes the corresponding cusps of N.
Let N be the compact 4-manifold with boundary obtained by removing disjoint open horocusp neigh-
borhoods of the ideal cusp points of N which are invariant under the order ﬁve symmetry of N induced
by A. The compact 4-manifold N is a strong deformation retract of N. The ﬁve components of N are
isometric copies of the ﬂat 3-manifold G.
Let Q be the truncated regular ideal 24-cell obtained by removing from Q the disjoint open horoball
neighborhoods of the ideal vertices of Q corresponding to the horocusp neighborhoods of the ideal cusp
points ofNwhich are removed fromN to formN . ThenQ is a compact four-dimensional polytope with 48
sides, 24 cubical sides and 24 truncated octahedral sides. The side-pairing of Q determines a side-pairing
of the truncated octahedral sides ofQ whose quotient space is the 4-manifold N with boundary.
The side-pairing of the octahedral sides of Q determines a side-pairing of the 24 cubical sides of Q
whose quotient space is the boundary ofN . Pairs of antipodal cubes, corresponding to±ei , for i=1, . . . , 4,
are glued together along their sides to form the ﬁrst four components of N , and the remaining 16 cubes,
corresponding to the vertices (±1/2,±1/2,±1/2,±1/2), are glued together along their sides to form
the ﬁfth component of N .
The cell structure of the truncated 24-cell Q together with the side-pairing of the octahedral sides of
Q determines a cell structure for N . From this cell structure, we computed in [12] the homology groups,
H1(N) ∼= Z62, H2(N) ∼= Z42, and H3(N)= 0.
Ivanšic´’s link complement [8] is homeomorphic to the orientable double coverM of N. All the symme-
tries of N lift to symmetries of M. In particular, M has a symmetry of order ﬁve that cyclically permutes
its ﬁve cusps. Each cusp of M is homeomorphic to T 3 × [0,∞) where T 3 is a 3-torus.
LetQ′ be a regular ideal 24-cell that is obtained fromQ by reﬂecting in a side ofQ. Then the hyperbolic
4-manifoldM can be constructed by gluing together pairs of sides ofQ andQ′. The side-pairing ofQ and
Q′ determines a side-pairing of the octahedral sides of the two corresponding truncated 24-cellsQ andQ′
whose quotient space is a compact 4-manifoldM with boundary which is the orientable double cover of
N . The compact 4-manifoldM is a strong deformation retract ofM. The cell structure of the two truncated
24-cells Q and Q′ together with the side-pairing of the octahedral sides of Q and Q′ determines a cell
structure for M . From this cell structure, we computed the homology groups, H1(M) ∼= Z5, H2(M) ∼=
Z10, and H3(M) ∼= Z4. It is worth noting that this homology calculation agrees with calculation of the
homology groups of M, as the complement of ﬁve disjoint 2-tori in S4, by Alexander duality.
Let T 31 , . . . , T
3
5 be the boundary components ofM ordered so that T
3
i double covers the ith boundary
component of N . Let ki : 1(T 3i ) → 1(M) be the homomorphism induced by inclusion for each
i = 1, . . . , 5. Some care must be taken with choices of base points but we will suppress base points to
simplify notation.We explicitly compute the homomorphisms ki : 1(T 3i )→ 1(M) in terms of the side-
pairing transformations of the convex fundamental domainQ∪Q′ for the hyperbolic 4-manifoldM. We
then explicitly compute the homomorphisms i : H1(T 3i )→ H1(M) by abelianizing the homomorphisms
ki : 1(T 3i ) → 1(M). First of all, we derive a group presentation for 1(M) with generators the side-
pairing transformations of the convex fundamental domain Q ∪Q′ for the hyperbolic 4-manifold M by
Poincaré’s fundamental polyhedron theorem[11].
For each i = 1, . . . , 4, we form a fundamental domain for T 3i from four cubes, the cubical side of Q
corresponding to ei and transforms of three cubical sides of Q and Q
′
. Each of these cubes has edge
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length smeasured with respect to the hyperbolic metric. The fundamental domain for T 3i is an s×2s×2s
rectangular solid. See Fig. 1 in [8]. The 3-torus T 3i is obtained from this rectangular fundamental domain
by gluing opposite sides by a translation. A short edge of the rectangular fundamental domain represents
a meridian of a tubular neighborhood Vi =D2 × T 2i of T 2i in Ivanšic´’s construction [8] of a hyperbolic
structure on the complement of ﬁve 2-tori T 21 , . . . , T
2
5 in S
4
. We derive a group presentation for 1(T 3i )
by Poincaré’s fundamental polyhedron theorem. We then explicitly compute the homomorphism ki :
1(T 3i ) → 1(M) by rewriting the generators of the presentation for 1(T 3i ) in terms of the generators
of the presentation for 1(M) for each i = 1, . . . , 4.
The last homomorphism k5 : 1(T 35 ) → 1(M) is computed in the same way except that we require
32 cubes to assemble a fundamental domain for T 35 . These 32 cubes consist of the cubical side of Q
corresponding to (1/2, 1/2, 1/2, 1/2) and 31 transforms of cubical sides of Q and Q′. Each of these
cubes has edge length s/2 measured with respect to the hyperbolic metric. The fundamental domain is
also an s × 2s × 2s rectangular solid. See Fig. 3 in [8]. The 3-torus T 35 is obtained from this rectangular
fundamental domain by gluing opposite sides by a translation.A short edge of the rectangular fundamental
domain represents a meridian of a tubular neighborhood V5 =D2 × T 25 of T 25 in Ivanšic´’s construction
[8].We may assume that these ﬁve fundamental domains for T 31 , . . . , T 35 are invariant under A, since A is
a symmetry of the polytope P that induces a symmetry ofM that cyclically permutes T 31 , T 32 , T 35 , T
3
3 , T
3
4 .
We choose a corner vertex of each of the above rectangular fundamental domains for T 3i so that
the set of ﬁve vertices is invariant under A. The three oriented edges of the rectangular fundamental
domains originating at each of these chosen vertices represent generators i1, i2, i3 ofH1(T 3i )with i1
corresponding to the short edge for each i = 1, . . . , 5. See Figs. 1 and 3 in [8]. These sets of generators
of H1(T 3i ) are invariant under the homomorphism induced by the order ﬁve symmetry of M induced by
A. Let i = i(i1) for each i = 1, . . . , 5. We found that 1, . . . , 5 generate H1(M) and i2, i3 generate
ker(i) for each i = 1, . . . , 5.
Let bi, ci be arbitrary integers for i = 1, . . . , 5. By the argument at the end of Section 3, the closed
4-manifold Mˆ obtained by Dehn ﬁlling M according to the afﬁne homeomorphisms hi : T 3i → T 3i so
that
[hi(mi)] = i1 + bii2 + cii3,
for each i, is a homology 4-sphere; moreover, Mˆ is aspherical if the length of the circle m′i = hi(mi) is
greater than 2 for each i by the Gromov–Thurston 2 theorem. Furthermore, every homology 4-sphere
that can be obtained by Dehn ﬁllingM is diffeomorphic to Mˆ for some pair of integers bi, ci .
4. The geometry of aspherical Dehn surgery
In this section, we determine precisely which Dehn surgeries on Ivanšic´’s link complement yield
aspherical homology 4-spheres by the argument in Section 3. This means that we have to determine for
which surgeries is the length of the circle m′i = hi(mi) greater than 2 for each i. The length of a curve
on M depends on the restriction of the hyperbolic metric to M which is a scale factor times the natural
Euclidean metric on M . If we remove larger open horocusp neighborhoods of the ideal cusp points of
M to form M , then the scale factor on M increases and so the length of a curve on M increases. The
limiting case is when the horocusp neighborhoods are tangent.
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To understand this limiting case, consider two tangent horospheres of Euclidean radius r in the confor-
mal ball model B4 based at e1 and e4. The horospheres have Euclidean centers at (1− r)e1 and (1− r)e4.
Since the horospheres are tangent, the Euclidean distance between their centers is 2r . Hence we have
2(1− r)2=4r2, and so r=√2−1.We now pass to the upper half-space modelU4. The horosphere inB4
based at e4 with r =
√
2− 1 corresponds to the horosphere in U4 based at∞ with the equation x4 =
√
2
by Exercise 4.6.2 in [11] with s = 1− 2r . The element of hyperbolic arc length of U4 is |dx|/x4, and so
the hyperbolic length of a curve on the horosphere x4 =
√
2 is the Euclidean length divided by
√
2.
Consider the regular ideal 24-cellQ inU4. Now∞ is the ideal vertex ofQ inU4 corresponding to e4 in
B4 and (±1,±1,±1, 0) are the ideal vertices of Q in U4 corresponding to (±1/2,±1/2,±1/2, 1/2) in
B4. Hence the intersection ofQwith the horosphere x4=
√
2 is the cube with vertices (±1,±1,±1,√2).
Thus the fundamental domain for T 34 described in Section 3 is a
√
2× 2√2× 2√2 rectangular solid.
Assume that the components of M are nearly tangent. Let bi and ci be the arbitrary integers at the end
of Section 3 that parametrize the Dehn surgeries that yield a homology 4-sphere. In order that the circle
m′i have length greater than 2 for each i, it is necessary and sufﬁcient that
(
√
2)2 + (2√2bi)2 + (2
√
2ci)2>(2)2
or equivalently,
b2i + c2i (22 − 1)/4 = 5.
Therefore, except for the 13 surgeries corresponding to
(bi, ci)= (0, 0), (0,±1), (±1, 0), (±1,±1), (±2, 0), (0,±2) for each i = 1, . . . , 5,
we obtain an aspherical homology 4-sphere by Dehn ﬁllingM . According to Ivanšic´ [8], the Dehn ﬁlling
with (bi, ci)= (0, 0) for each i yields S4.
In the above surgeries on M, we assumed that all the components of M are isometric and are nearly
tangent. One can obtain more surgeries on M that yield an aspherical homology 4-sphere by enlarging
one component of M at the expense of shrinking the other four components of M .
A maximal horocusp neighborhood of the ideal cusp point of M, corresponding to the ideal vertices
±e4 of Q, is represented by the horoballs in B4 based at ±e4 that are tangent at the origin. The horoball
in B4 based at e4 corresponds to the horoball in U4 based at∞ deﬁned by x41.
Assume that T 34 is nearly tangent to itself. In order that the circle m′4 have length greater than 2, it is
necessary and sufﬁcient that
22 + (4b4)2 + (4c4)2>(2)2
or equivalently,
b24 + c24(2 − 1)/4 = 3.
As 3 is not the sumof two squares, the above condition is equivalent to the condition b24+c244. Therefore,
we have picked up four extra Dehn ﬁllings on T 34 , corresponding to b24 + c24 = 4, that yield an aspherical
homology 4-sphere when length(m′i) > 2 for each i = 4. This last condition is stronger than in the
symmetric case because we must shrink the boundary components T 3i for i = 4 and possibly exclude
some surgeries. In order to minimize this shrinkage, we will enlarge T 34 only enough to pick up the four
extra Dehn ﬁllings corresponding to b24 + c24 = 4.
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Remove from M an open horocusp neighborhood of the ideal cusp point corresponding to the open
horoball x4>h in U4 with h> 1. In order that the circle m′4 have length greater than 2, it is necessary
and sufﬁcient that
(
2
h
)2
+
(
4b4
h
)2
+
(
4c4
h
)2
>(2)2
or equivalently,
b24 + c24 >(2h2 − 1)/4.
Solving (2h2− 1)/4= 4 for h, we obtain h=√17/= 1.3124 . . . . Thus if 1<h<√17/, we pick up
the four extra Dehn ﬁllings at the expense of shrinking the other four boundary components ofM .
We next determine how much we have to shrink the other four boundary components. Call h the height
parameter of the horoball x4h in U4. Note that 1/h is the scale factor for the metric on T 34 . Consider
the limiting case that the open horocusp neighborhood of the ideal cusp point of M, whose boundary is
T 34 , is tangent to the open horocusp neighborhoods of the other four ideal cusp points ofM. To understand
this limiting case, consider two tangent horospheres of Euclidean radii r and r ′ in B4 based at e4 and e1
respectively. The horospheres have Euclidean centers at (1− r)e4 and (1− r ′)e1. Since the horospheres
are tangent, the Euclidean distances between their centers is the sum of the radii. Hence we have the
equation
(1− r)2 + (1− r ′)2 = (r + r ′)2.
Solving for r ′ in terms of r, we have r ′ = (1− r)/(1+ r). Let s=1−2r and s′ =1−2r ′. Then the height
parameters are h = (1 + s)/(1 − s) and h′ = (1 + s′)/(1 − s′) by Exercise 4.6.2 of [11]. Solving these
equations for h′ in terms of h, we obtain h′ = 2/h. Notice that h′ = h when h=√2, which corresponds
to the symmetric case.
Now set h=√17/, then h′ = 2/√17. In order that the circlem′i , for i = 4, have length greater than
2, it is necessary and sufﬁcient that
b2i + c2i > (2(h′)2 − 1)/4.
or equivalently
b2i + c2i (44/17− 1)/4 = 6.
As 6 and 7 are not the sum of two squares, the above condition is equivalent to the condition b2i + c2i 8.
Thus if b2i + c2i 4 for some i and b2j + c2j 8 for all j = i, we obtain an aspherical homology 4-sphere
by Dehn ﬁlling the manifoldM according to the parameters bi and ci , for i=1, . . . , 5, and an appropriate
unsymmetrical choice ofM −M .
In the symmetric case, if b2i + c2i 5 for each i= 1, . . . , 5, we obtain an aspherical homology 4-sphere
by Dehn ﬁllingM according to the parameters bi and ci , for i= 1, . . . , 5, and a symmetric near maximal
choice ofM −M .
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5. Properties of our homology 4-spheres
Smooth 4-manifolds that are homology 4-spheres have some nice topological properties. Every smooth
homology 4-sphereX has zero signature and is a spinmanifold with a unique spin structure. By aTheorem
of Cochran [5], every smooth homology 4-sphere X smoothly embeds in R5.
Let Mˆ be the closed 4-manifold obtained by Dehn surgery onM determined by the circlesm′1, . . . , m′5.
If length(m′i) > 2 for each i, then Mˆ admits a Riemannian metric of nonpositive curvature. This implies
that the universal cover of Mˆ is diffeomorphic to R4 by Cartan’s theorem; in which case Mˆ is aspherical,
and so Mˆ is a K(, 1). If Mˆ is an aspherical homology 4-sphere, then 1(M) is an ultra super perfect
group, since Hi()= 0 for i = 1, 2, 3.
Anderson [1] has proved that if the length of m′i is sufﬁciently large for each i and the lengths of
m′1, . . . , m′5 are weakly balanced, in the sense that
maxi(length(m′i)) exp(cmini(length(m′i))3)
for some small constant c, then the closed 4-manifold Mˆ admits an Einstein metric g so that Ricg=−3g.
Moreover the volume of (Mˆ, g) is less than the hyperbolic volume of M and the volume of (Mˆ, g)
approaches the volume ofM asmini(m′i) goes to inﬁnity. Thus inﬁnitelymany of the aspherical homology
4-spheres of the form Mˆ admit an Einstein metric g so that Ricg =−3g.
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